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ABSTRACT
In. p a r t  one o f t h i s  th e s i s  in v a r ia n t  c ro ss  s e c tio n s  fo r  th e  
p ro cesses  e + p -+ -e  + TT~ + anyth ing  are  c a lc u la te d  in  a  q u ark -p arto n  
model o f h ad ro n s. A s t a t i s t i c a l  model proposed by K uti and W eisskopf 
was used  to  c a lc u la te  th e  d i s t r ib u t io n s  o f  th e  quarks in s id e  a p ro to n , 
and th e  in v a r ia n t  c ro ss  s e c tio n s  were w r i t te n  as sums o f th e s e  d i s t r i ­
b u tio n s  . We were ab le  to  dem onstrate th a t  th e  spectrum  o f  f in a l  s t a t e  
mesons going backward in  th e  pho ton -p ro ton  c e n te r  o f  momentum frame i s  
th e  same as th e  spectrum  o f la rg e  momentum f ra c t io n  quarks im m ediately 
a f t e r  th e  in te r a c t io n .  The agreem ent between ex perim en ta l d a ta  and our 
th eo ry  i s  good.
In p a r t  two o f t h i s  th e s i s  th e  p io n -p io n  s c a t te r in g  term  of 
th e  m u l t i - s c a t te r in g  s e r ie s  fo r  p io n -d eu te ro n  e l a s t i c  s c a t te r in g  i s  
c a lc u la te d . Using W einberg 's o f f - s h e l l  p io n -p io n  m atrix  elem ent to  
d esc rib e  the  s c a t te r in g  o f  r e a l  and v i r t u a l  p io n s , we found th a t  h is  
value p io n -p io n  s c a t te r in g  len g th s  a re  c o n s is te n t  w ith  th e  p io n -d eu te ro n  
experim en ts. The p io n -d eu te ro n  c ro ss  s e c tio n  was a lso  w r i t te n  as a func­
t io n  o f th e  p io n -p io n  s c a t te r in g  le n g th  ag , and a  va lue  o f ag = 0 .15 
was e x tra c te d  from th e  d a ta . This va lue  i s  comparable to  values o f ag 
ob ta ined  from o th e r  ex p erim en ts .
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PART ONE
DEEP-INELASTIC ELECTROPROTUCTION OF PIONS IN A QUARK-PARTON MODEL
I . INTRODUCTION
In v a r ia n t  c ross  se c tio n s  fo r  th e  s in g le  p a r t i c le  in c lu s iv e
± 1 
process e + p e + 7T + anyth ing  have "been c a lc u la te d  in  a  quark -
parto n  model o f hadrons. Before p re se n tin g  a d e ta i le d  d e s c r ip t io n  of 
th e  c a lc u la t io n ,  a b r i e f  h is to ry  of th e  th e o r ie s  and experim ents lead in g  
up to  t h i s  work w i l l  be given .
In  th e  l a t e  1960 's Feynman sp e cu la ted  th a t  nucleons a re  bound 
s ta te s  of some b a s ic  c o n s ti tu e n t  p a r t ic le s  which he named p a r to n s . Since 
then  many p eo p le , both  th e o r is t s  and e x p e r im e n ta lis ts ,  have t r i e d  to  de­
term ine th e  n a tu re  o f th e se  p a r to n s . The photon has been used to  probe 
th e  nucleon s t r u c tu r e ,  v ia  e le c tro n  s c a t te r in g ,  because th e  th eo ry  of 
th e  p h o to n 's  in te r a c t io n  w ith  e le c tro n s ,  QED, i s  ex p erim en ta lly  known 
to  be h ig h ly  a c c u ra te . P ro ton  s tru c tu re  fu n c tio n s , w hether e l a s t i c  or 
i n e l a s t i c ,  can be e x tra c te d  from d a ta  on e le c tro n -p ro to n  s c a t te r in g .
For th e  case o f e l a s t i c  s c a t te r in g  th e se  s t r u c tu r e  fu n c tio n s  are  a fu n c-
2t io n  o f a  s in g le  v a r ia b le ,  Q , th e  four-momentum t r a n s f e r  squared . But 
fo r  i n e la s t i c  s c a t te r in g ,  a second v a r ia b le ,  th e  energy lo ss  o f th e  e le c ­
t r o n ,  V, i s  needed to  d esc rib e  th e  s c a t te r in g  com pletely . The v a r ia b le  V 
can be w r i tte n  in  in v a r ia n t  form as V = q*P/M, where q and P a re  th e
momenta o f th e  photon and p ro to n  r e s p e c t iv e ly ,  and M i s  th e  mass o f th e
2 2 2 2 p ro to n . The v a r ia b le  Q i s  Q = -q  . E xperim en ta lly , bo th  Q and \) can
be v a r ie d  in d ep en d en tly , p ro v id in g  a  w ealth  o f  d a ta .
2
3Much has been observed about e le c tro n -p ro to n  s c a t te r in g ,  one
of th e  more in te r e s t in g  phenomena be ing  th a t  o f  s c a l in g . For i n e l a s t i c
2e le c tro n -p ro to n  s c a t te r in g  a t  la rg e  Q and v i t  was found th a t  th e  s t r u c -
2tu re  fu n c tio n  depends, no t on th e  in d iv id u a l v a r ia b le s  Q and v , b u t 
r a th e r  on a  s in g le  v a r ia b le .  This i s  s u rp r is in g  becau se , as in d ic a te d  
above, t h i s  dependence on a s in g le  v a r ia b le  i s  a  p ro p e rty  o f e l a s t i c  
s c a t te r in g ,  w hile th e  s tr u c tu re  fu n c tio n  was measured fo r  i n e l a s t i c  
s c a t te r in g .  This i s  s ig n i f ic a n t  fo r  fu tu re  work because i t  im p lies  th a t  
in  th e  r ig h t  k inem atic  reg io n  th e  v i r t u a l  photon o f e le c tro n -p ro to n  s c a t ­
te r in g  in te r a c ts  w ith  a  s in g le  one o f th e  p a r to n s ,  r a th e r  than  w ith  th e  
pro ton  as a w hole, and th a t  t h i s  pho ton-parton  s c a t te r in g  i s  e l a s t i c .
The pro ton  i s  a bound s t a t e  o f p a r to n s , and in  th e  s tudy  o f  any 
bound s ta te  system  where th e  d e ta i l s  o f th e  in te ra c t io n s  among th e  con­
s t i tu e n t s  i s  no t known, th e  a p p lic a tio n  o f an im pulse approxim ation i s  
the  f i r s t  l in e  o f th e o r e t ic a l  in v e s t ig a t io n .  To use an im pulse ap p ro x i­
m ation , i t  must be p o s s ib le  to  t r e a t  th e  p a rto n s  as f re e  p a r t ic le s  
d u rin g  th e  in te r a c t io n  between e le c tro n  and p ro to n , and th e  v i r t u a l  pho­
ton  must in t e r a c t  w ith  only one o f th e  p a r to n s , th e  o th e rs  be ing  s p e c ta to r s .  
These n o tio n s  w i l l  be pu t on f irm  q u a n ti ta t iv e  ground in  Sec. I I ,  bu t fo r  
now l e t  us suppose th a t  th e re  i s  a k inem atic  reg io n  where th ese  co n d itio n s  
are s a t i s f i e d .  From s c a lin g  we lea rn ed  th a t  th e  pho ton-parton  s c a t te r in g  
i s  e l a s t i c ,  so th a t  th e  cross  se c tio n  fo r  v i r t u a l  pho ton-pro ton  s c a t ­
te r in g  i s  sim ply a  sum o f th e se  in d iv id u a l pho ton-parton  c ro ss  sec tio n s^  
w eighted by th e  p ro b a b i l i ty  o f th e  p ro ton  b e in g  a  p a r t ic u la r  c o n f ig u ra tio n  
o f p a r to n s .
k3
From th e  beg inn ing  i t  was tem pting  to  id e n t i fy  p a rto n s  w ith  
th e  quarks suggested  by Gell-Mann and Zweig because o f th e  approxim ate 
SU(3) symmetry d isp lay ed  by n a tu re . In  th e  quark model hadrons are  com­
posed of q u ark s , and th e  quantum numbers o f  a hadron are  determ ined by 
th e  quantum numbers o f th e  in d iv id u a l quarks o f which i t  i s  b u i l t .  In  
th e  s im p les t quark model, which w i l l  be used h e re , th e re  a re  th re e  quarks 
lab e le d  in  s tan d a rd  n o ta tio n  up (u ) ,  down ( d ) , and s tra n g e  ( s ) .  The 
baryons are composed o f a  s e t  o f  th re e  o f th e se  q u ark s, w hile  th e  mesons 
are  composed o f a quark and an a n ti-q u a rk . This sim ple model has had to  
be m odified somewhat in  l i g h t  o f  our p re se n t u nderstand ing  o f th e  s tro n g  
quark-quark in te r a c t io n .  Because th e  in te r a c t io n  i s  s tro n g , e f f e c ts  l ik e  
vacuum p o la r iz a t io n ,  in  which p a r t i c l e  a n t i - p a r t i c l e  p a ir s  a re  c re a te d  
from th e  vacuum, occur c o p io u sly . That i s ,  a hadron i s  n o t composed 
sim ply o f th e  few quarks which ca rry  i t s  quantum numbers, bu t r a th e r  o f 
th e se  quarks p lu s  a la rg e  number o f v i r t u a l  quark a n ti-q u a rk  (qq) p a i r s .  
From experim ents which measure the  average momentum o f th e  charged con­
s t i tu e n t s  and th e  average charge o f th e  c o n s titu e n ts  o f th e  p ro to n , i t  
has been fu r th e r  determ ined th a t  th e  p ro to n  a lso  co n ta in s  many n e u tr a l  
bosons, c a l le d  g luons, as w e ll .  The p ic tu re  th a t  emerges i s  one in  which 
th e  p ro to n  is  composed o f th re e  "valence" quarks (u , u , d) which c a rry  
the  p ro ton  quantum numbers, and o f a  "core" (o r "sea") o f  qq p a ir s  and 
n e u tr a l  gluons which has th e  quantum numbers o f th e  vacuum, and which 
c a r r ie s  a goodly f r a c t io n  o f th e  p ro to n 's  momentum.
In  o rder to  c a lc u la te  th e  s tru c tu r e  fu n c tio n s  fo r  th e  i n e l a s t i c  
p ro cess  e + p *> e + an y th in g , i t  i s  necessary  to  have a  model fo r  th e
5d is t r ib u t io n  in  momentum space o f th e  quarks and gluons in s id e  a p ro to n .
5-7S ev era l au tho rs  1 have dev ised  models fo r  th e se  quark momentum d i s t r i ­
b u tio n s . The models o f  R ef. 6 a re  based  on sound f i e ld  th e o r e t ic  argu­
ments , and a re  known to  give e x c e l le n t  r e s u l t s  fo r  th e  c a lc u la t io n  o f 
th e  s tr u c tu r e  fu n c tio n s  o f in c lu s iv e  e le c tro p ro d u c tio n . However, i t  i s  
d i f f i c u l t  to  extend  th e se  models t o  a  c a lc u la t io n  o f one p a r t i c l e  in ­
c lu s iv e  p ro cesses  because th ey  do n o t lend  them selves to  a  d e r iv a tio n  o f  
th e  n ecessa ry  c o r re la te d  momentum d is t r ib u t io n s  o f  two quarks in  a  p ro -  
to n . T h e re fo re , we choose to  use a phenom enological model proposed by
5
K uti and W eisskopf. In  t h e i r  model th e  momentum d i s t r ib u t io n  o f quarks 
and gluons in  th e  p ro ton  core i s  p ro p o r tio n a l  to  th e  r e l a t i v i s t i c  phase 
space o f th e se  p a r t i c l e s ,  and th e  momentum d is t r ib u t io n  o f th e  valence 
quarks i s  based  on Regge c o n s id e ra t io n s . From th e s e  d i s t r ib u t io n s  th e  
p r o b a b i l i ty  o f f in d in g  a  s p e c if ie d  ty p e  o f quark w ith  a  given f ra c t io n  
o f  th e  p ro to n 's  momentum was c a lc u la te d . Then a c ross s e c tio n  was com­
p u ted , and th e  c o n sta n ts  o f  p r o p o r t io n a l i ty  were determ ined by f i t t i n g  
th e  c a lc u la te d  c ross  s e c tio n  to  th e  d a ta  fo r  in c lu s iv e  e le c tro n -p ro to n  
i n e l a s t i c  s c a t te r in g  over th e  e n t i r e  k inem atic  reg io n .
+
In  t h i s  work c ro ss  se c tio n s  fo r  e + p -» -e  + Tr“ + any th ing  fo r  
p ions goind backward in  th e  v i r t u a l  photon (y ) -  p ro to n  (p) c e n te r  o f 
momentum (c .m .) frame a re  c a lc u la te d  g iv in g  to le r a b le  agreement w ith  th e  
d a ta .  The c a lc u la t io n  o f th e  c ro ss  s e c tio n  i s  d e sc rib ed  in  th e  nex t 
s e c tio n  (S ec. I I ) ,  beg inn ing  w ith  a more d e ta i le d  ex p lan a tio n  o f th e  
q u ark -p arto n  model. Then both  q u a l i t a t iv e  and q u a n t i ta t iv e  arguments 
a re  given to  show th a t  th e  spectrum  o f f in a l  s t a t e  mesons going backward
6in  th e  Yv ~ P -c.m. frame i s  th e  same as th e  spectrum  o f  quarks which have 
an a p p rec iab le  f r a c t io n  o f th e  p ro to n 's  momentum a f t e r  th e  in te r a c t io n .  
F in a l ly ,  th e  c ro ss  s e c tio n  i s  w r i t te n  in  term s o f th e  j o i n t  p r o b a b i l i t ie s  
o f f in d in g  two quarks w ith  given momentum f ra c t io n s  in s id e  th e  p ro to n .
The d e ta i l s  of th e  K uti and W eisskopf model a re  p re sen ted  in  Sec. I l l ,  
in c lu d in g  a c a lc u la t io n  o f  th e  n ecessa ry  jo in t  p r o b a b i l i t i e s .  A compari­
son o f  th e se  r e s u l t s  w ith  th e  d a ta  along w ith  some f in a l  comments a re  
given in  Sec. IV,
I I .  CROSS SECTIONS FOR e + p - * e  + u + ANYTHING
A. The Impulse Approximation
In  o rder to  apply the  im pulse approxim ation to  e le c tro n -  
p ro ton  s c a t te r in g ,  th e  in te ra c t io n  tim e o f  th e  v i r t u a l  photon must be 
much le s s  than  th e  l i f e t im e s  o f th e  v i r t u a l  p arto n  s t a t e s .  That I s ,  
u s in g  th e  u n c e r ta in ty  p r in c ip le ,
where qQ i s  th e  energy o f th e  v i r t u a l  photon , and E^ i s  th e  b in d in g
2 2 2energy o f th e  q u ark s. I f ,  in  a d d it io n , Q »  E^, where Q i s  th e  fo u r-  
momentum t r a n s f e r ,  th en  th e  s c a t te r in g  from th e  in d iv id u a l p a rto n s  w i l l  
be in c o h e re n t, and th e  e le c tro n -p ro to n  c ro ss  s e c tio n  w i l l  be a sum of 
th e  c ross  se c tio n s  fo r  s c a t te r in g  from in d iv id u a l p a r to n s .
The above co n d itio n s  a re  r e a l iz e d  in  th e  i n f i n i t e  momentum 
frame o f th e  p ro to n . This frame i s  a s p e c ia l iz a t io n  o f  th e  e le c tro n -  
p ro to n  cen te r  o f momentum fram e. The momenta o f th e  v i r t u a l  photon and 
th e  p ro ton  in  th e  e le c tro n -p ro to n  c.m. a re ;
i  = w . .  V  ■
p  - cypTw , o j o, p ) .
To o b ta in  th e  i n f i n i t e  momentum fram e, a b o o st i s  made so P +  ® fo r  th e  
p ro to n 's  momentum, and th e  three-momentum o f th e  v i r t u a l  photon i s  p e r­
p e n d icu la r  to  P (see  F ig . l ) .
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F ig . 1 . K inem atics fo r  e le c tro n -p ro to n  s c a t te r in g  in  a) th e  e le c tro n -  
p ro to n  c.m. fram e, and b) th e  i n f i n i t e  momentum fram e.
Then q and P in  th e  i n f i n i t e  momentum frame are  
and
p  ■ ( P* #  , 0, 0, P)  .
Employing th e  in v a r ia n t  p roduct q/P = Mv, can be w r i t te n  in  term s of
lab  (p ro ton  r e s t  frame) v a r ia b le s  as
q1.0 P
In  th e  i n f i n i t e  momentum frame th e  p ro to n  can be v is u a liz e d  as 
a stream  o f p arto n s  whose in te ra c t io n s  w ith  each o th e r  a re  slowed down 
by tim e d i l a t io n .  For la rg e  momentum t r a n s f e r  th e  v i r t u a l  photon i n t e r ­
a c ts  w ith  a s in g le  one of th e  p a rto n s  (see F ig . 2 ) .
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F ig . 2 . K inem atics fo r  v i r t u a l  pho ton-p ro ton  s c a t te r in g  in  th e  p ro to n 's  
i n f i n i t e  momentum fram e.
I f  t h i s  p a rto n  has a f r a c t io n  x o f th e  p ro to n 's  momentum, then  i t s  mo­
mentum i s
P(x)  = , P * , x P )
where y i s  th e  p a rto n  m ass. I f  we con sid e r a  bound s t a t e  o f ju s t  two 
p a r to n s , th e  b in d in g  energy o f th e  p a rto n  w ith  momentum f ra c t io n  x i s ,
E b * E ( x ) *  E ( f - x )  -  E,
2 x P  2 ( | - X ) P  2.P
where th e  sum o f th e  momentum f ra c t io n s  i s  one. In  o rder to  s a t i s f y  th e  
f i r s t  c o n d itio n  o f th e  im pulse approxim ation , Eq.. ( l ) ,  which can be r e ­
w r i t te n  as
i t  iU-x)
i t  i s  s u f f i c i e n t  to  have v »  M and x ^ 0 o r 1 , i f  P,. i s  l im ite d .
10
E xp erim en ta lly , lep to n  s c a t te r in g  re a c tio n s  show th a t P1 < 500 MeV. Thus 
th e  requ irem ents fo r  u s in g  th e  im pulse approximation in  th e  in f in i t e  
momentum frame o f th e  p ro ton  are
e le c tro n -p ro to n  s c a t te r in g ,  to g e th e r  w ith  th e  p ic tu re  of t h e  proton as 
a s e t  o f p o in t c o n s ti tu e n ts ,  i s  c a lle d  th e  "parton model", and i t  is  in  
t h i s  sense th a t  th e  term  w i l l  be used in  t h i s  paper.
B. The V ir tu a l  Photon-Proton C enter o f  Momentum Frame
To g e t some q u a l i ta t iv e  id e a  o f what e le c tro n -p ro to n  s c a tte r in g  
looks l ik e  a t  h igh e n e rg ie s , one can examine a reference fram e in which 
th e  v i r t u a l  photon i s  pure s p a c e - l ik e ,
For P and Q la rg e , th e  p a rto n  p ic tu re  i s  v a l id ,  and the v i r t u a l  photon 
in te r a c ts  w ith  a  s in g le  one o f th e  p a r to n s ,
When th e  photon in te r a c ts  w ith  any one of the p a r to n s ,  i t  d i s ­
tu rb s  th e  p a rto n  c o n f ig u ra tio n , which th en  no longer forms a  proton.
The p ro ton  "fragm ents" and th e  p a r to n s , which cannot them selves appear 
in  th e  f in a l  s t a t e ,  recombine in to  observable physical p a r t i c l e s .  The
Q a »  n 1
This use o f th e  im pulse approxim ation to  study h ig h  energy
l - ( o ,  0 , 0 ,  (?)
and th e  p ro to n 's  momentum i s
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d e ta i l s  o f th e  recom bination  a re  -unknown because th e  d e ta i l s  of th e  s t r o n g  
p a r to n -p a rto n  in te r a c t io n s ,  o r th e  n a tu re  o f th e  p o s s ib le  parton fragm en­
t a t io n  in to  hadrons are  no t known. One may d e s p a ir  o f  th ese  problems 
and b e lie v e  th a t  they  l im i t  th e  p a rto n  model to  t o t a l l y  in c lu siv e  le p to n  
induced r e a c t io n s . But any model i s  l ik e ly  to  be p lagued  w ith s im ila r  
problem s, so l e t  us be p o s i t iv e  and ask where ( i . e . ,  some sp ec ia l k in e ­
m atic reg io n ) a  sim ple p ic tu re  could give c o rre c t q u a n t i ta t iv e  r e s u l t s .
Q
This i s  most e a s i ly  done by u sin g  Feynman's p ic tu re  re p re se n ta tio n  o f  
th e  p ro to n  wave fu n c tio n  in  th e  above re fe ren ce  fram e. Suppose th a t  in  
th e  i n i t i a l  s t a t e  one of th e  p a rto n s  has a la rg e  f r a c t i o n ,  y , of th e
n f *'
p ro to n 's  momentum, and th a t  a l l  o f  th e  o ther p a r to n s  have very sm all 
momentum f r a c t io n s . These p arto n s  w ith  very sm all momentum f ra c tio n s  
w i l l  be c a lle d  "wee" p a r to n s . Feynman would draw th e  wave function  fo r  
th i s  case th u s :
F ig . 3
I f  th e  v i r t u a l  photon in te r a c ts  w ith  one of the  wee p a r to n s , the  f i n a l  
s t a t e  wave fu n c tio n  i s :
y
«» q -x
F ig . k
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A fter the  i n t e r a c t io n ,  the p a r to n  w ith  momentum f ra c t io n  y , to g e th e r  
w ith some o th e r  ap p ro p ria te  wee p a r to n s  look v ery  much lik e  a  f i n a l  
s ta te  hadron g o in g  backward (w ith  re sp e c t to  th e  d ire c tio n  o f  t h e  v i r tu a l  
photon) in  t h i s  fram e. Thus, one can hypo thesize  th a t  backward going 
f in a l  s ta te  had ro n s (e .g . p io n s) have th e  same momentum d i s t r i b u t io n  as 
the  la rg e  momentum fra c tio n  p a r to n s . Hote t h a t  th e  requirem ent o f  a 
la rg e  momentum f r a c t io n  is  n e c e ssa ry  to  ensure t h a t  the  f in a l  s t a t e  
hadron w i l l  have th e  same momentum as th e  f i n a l  s t a t e  p arto n .
The only change i s  th a t  q i s no lo n g er pu re ly  s p a c e - l ik e ,  and t h a t  P 
does no t have t o  be la rg e , However, the  q u a l i t a t iv e  arguments we have 
made can s t i l l  b e  expected to  h o ld .  That i s ,  th e  spectrum o f  l a r g e  
momentum hadrons going backward in  th e  y^ -  p c.m . system sh o u ld  be  
about the same as  th e  spectrum o f  la rg e  momentum f ra c tio n  p a r to n s  in  
the  in f in i t e  momentum frame.
C. The P ro to n 's  I n f in i te  Momentum Frame
One can a lso  examine e le c tro n -p ro to n  s c a t te r in g  in  a  fram e of 
re fe ren ce  in w hich the  incoming p ro to n  i s  moving in f in i t e ly  f a s t  (take
The above reference fram e can be compared w ith th e  v i r t u a l
photon-proton c .m . system where
and
P .  [E  , o , o ,  - P )
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P co below) in  a  d ir e c t io n  p e rp en d icu la r t o  the  p h o to n 's  th r e e -
momentum. E x p l ic i t ly ,
P  -
where M i s  th e  p ro to n 's  m ass, and q*P = Mv. The p ro to n  i s  re p la ce d  by a 
beam o f n o n - in te ra c t in g  p a rto n s  and the  v i r t u a l  photon i s  viewed as in ­
te r a c t in g  w ith  a s in g le  f re e  p a r to n , th e  rem aining  p a rto n s  b e in g  sp e c ta ­
t o r s .  In  term s o f th e  f r a c t i o n ,  x^, o f th e  p ro to n 's  momentum c a r r ie d  by 
the  p a r to n , th e  momentum o f  any given p a r to n  w i l l  be
tons do no t i n t e r a c t  s tro n g ly  w ith  the  wee p a r to n s . Let us f i r s t  note 
th a t  th e re  a re  few la rg e  momentum f ra c t io n  p a rto n s : obviously  th e re  i s  
not more th an  one p a rto n  w ith  xi  > 1 /2 , n o t more than  two p arto n s  ( i f
g io n . For a p a rto n  w ith  la rg e  momentum f r a c t io n ,  y ,  and a wee p a rto n  
w ith  momentum f r a c t io n ,  x ,
provided x^ »  M/P and where p i s  the p a r to n  mass. We expect | e J  < 500 MeV, 
so th a t  fo r  x^ n o t very  sm all and fo r v »  M, we have x^ = q*P^/Mv.
In  t h i s  frame i t  can be shown t h a t  la rg e  momentum f ra c t io n  p a r-
th a t  many) w ith  x^ > 1 /3 , e t c . ,  and most p a rto n s  w i l l  be in  th e  wee r e -
s ,» 5 (? ,*  P .)*  s  /!*(■£■ + y )
2
where P^ . has been n e g lec te d . The r a p id i ty  d if fe re n c e , log  s - ^ /y  , de-
9term ines th e  decoupling o f th e  two p artons hy w e ll known argum ents,
w ith  more than  one or two u n i ts  d iffe re n c e  meaning n e g lig ib le  in te ra c -
2t io n .  For y and x very  u nequal, can be a  la rg e  fa c to r  tim es y •
For exam ple, fo r  y = .5 and x = .05 , the  r a p id i ty  d iffe re n c e  becomes
log 10 . 1 , which i s  s u f f ic ie n t  to  have th e  la rg e  momentum f r a c t io n  p a r­
tons decoupled from th e  wee p a r to n s . Of co u rse , one does n o t know th e
parto n  mass. In s te a d  o f ta k in g  i t  to  be some ty p ic a l  hadron mass, one
may tak e  y = 0 fo r  e a s t  o f c a l c u l a t i o n , a r g u e  th a t  y = 300 MeV, or
11 2 even th a t  i t  i s  i n f i n i t e .  I f  y i s  ze ro , i t  may be th a t  lo g  s
12un d efin ed , b u t re c e n t th e o r ie s  in d ic a te  th a t  th e  partons a re  bound in  
an approxim ate l in e a r  p o te n t ia l ,  and th a t  t h e i r  mass i s  about 300 MeV,
I t  now seems reasonab le  to  assume th a t  a  p arto n  w ith  a la rg e  f ra c t io n  o f  
the  p ro to n 's  momentum does no t in te r a c t  s tro n g ly  w ith  th e  wee p a rto n s .
Suppose th a t  th e  v i r t u a l  photon does no t in te r a c t  d i r e c t ly  
w ith  th e  la rg e  momentum f ra c t io n  p a rto n  d iscu ssed  above, b u t th a t  i t  
does c a rry  enough energy (v »  M) to  make th e  p a rto n  p ic tu re  v a l id .  In 
t h i s  p ic tu re  th e  fu n c tio n  o f th e  incoming photon i s  only to  fragm ent th e  
p ro ton  f re e in g  i t s  c o n s ti tu e n ts  ( f re e in g  them to  become o th e r th in g s , 
th a t  i s }. What happens to  th e  p arto n  w ith  a  la rg e  f ra c t io n  o f  th e  p ro ­
ton 's  momentum? I t  i s  c e r ta in ly  tru e  th a t  any parton  le a v in g  th e  i n t e r ­
a c tio n  zone must p ick  up a t  l e a s t  one o th e r p a rto n  to  make a  hadron.
Since th e  in te ra c t io n  i s  weak, i t  i s  l ik e ly  th a t  only one e x tr a  parton
13w il l  be p icked  up, and s in ce  th is  e x tra  p arto n  w i l l  p robably  be wee, 
th e  momentum spectrum  o f th e  f a s t  emerging mesons w i l l  be th e  same as 
th a t  o f th e  la rg e  momentum f ra c t io n  p a r to n s .
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D. P arto n s  as Quarks
Let us suppose th a t  th e  p a rto n s  have th e  quantum numbers o f 
It
quarks. The s tan d a rd  quark n o ta tio n  w i l l  be u sed , namely, th e re  a re  
th re e  quarks and th re e  a n ti-q u a rk s ; th e  up quarks la b e led  u (u) w ith  
charges +2/3 ( - 2 /3 ) ,  th e  down quarks la b e le d  d (5) w ith  charges -1 /3  
(+ 1 /3 ), and th e  s tran g e  quarks la b e le d  s (s )  w ith  charges -1 /3  (+1/3)*
The p ro ton  c o n s is ts  o f th re e  valence quarks (u , u , d) which ca rry  th e  
quantum numbers o f th e  p ro to n , and o f  a  core o f qq p a ir s  and n e u tra l  
g lu o n s . The p ro b a b il i ty  o f f in d in g  a u-quark in  th e  p ro ton  w ith  momen­
tum f r a c t io n  between x and x + dx i s  given in  s tan d a rd  n o ta tio n  by 
u(x) dx. The p r o b a b i l i t ie s  u(x) dx, d(x) dx, e t c .  are  s im ila r ly  d e fin ed . 
When sums over th e  p r o b a b i l i t ie s  a re  be in g  perform ed, i t  i s  more conven­
ie n t  to  use a s l ig h t ly  d i f f e r e n t  n o ta t io n .  To t h i s  end, d e f in e  PU{x) dx = 
u(x) dx . Then sums over P (x) can e a s i ly  be co n sid e red , where a, tak es  
the  v a lu es  u ,  u , e tc .
These s in g le  p r o b a b i l i t ie s  can be d e riv ed  from th e  jo in t  p rob­
a b i l i t y  o f  f in d in g  n quarks in  the p ro to n  w ith  momentum f ra c t io n s  between
x, and x, + dx , . . . x and x + dx . We w rite  t h i s  d i f f e r e n t i a l  j o in t  1 1 * n n n
p ro b a b i l i ty  as
d P J x . - x J  = T h ( v - X * )  S ( l - I x i  ) d v - . d y *  ■
The 6- fu n c tio n  a r is e s  because the  sum o f th e  in d iv id u a l quark momenta 
must eq u a l th e  p ro to n 's  momentum. The s in g le  p r o b a b i l i t ie s  a re  ob ta in ed
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from th e  jo in t  p r o b a b i l i ty  by in te g ra t in g  over a l l  of th e  momentum f ra c ­
t io n s  save one, and by summing over a l l  of th e  p o ss ib le  quark d i s t r ib u ­
t i o n s ,  n.
d x
In  t h i s  work we choose to  norm alize th e  s in g le  p r o b a b i l i t ie s  t o  th e  
number o f quarks in  th e  p ro ton . For th e  valence quarks in  a  p ro to n ,
\  u  l x )  d x  * XJ e> v
and
f  d  ( .*) d x  ~ I
yo
For th e  quarks in  th e  co re ,
£  K M  d x o o
th a t  i s ,  th e re  i s  an uncountable number o f quarks in  th e  co re .
The jo in t  p ro b a b ili ty  o f  f in d in g  a quark of type a w ith  momen­
tum f ra c t io n  between x and x + dx, and a quark o f  type b_ w ith  momentum
sibf ra c t io n  between y and y + dy w i l l  be given by J  (x , y ) .  This i s  ob­
ta in e d  from th e  d i f f e r e n t i a l  jo in t  p r o b a b i l i ty  as fo llow s,
T k y l d x d y  5 [ E  i l U y .  *»-*.) S ( l - x - y -1%xj ) d x J- d * « }  dx dy  .
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Note th a t  th e  jo in t  p r o b a b i l i ty  i s  no t a p roduct o f  two independent 
p r o b a b i l i t i e s ,  ( J a1:>(x ,y} 4  Pa (x) P ^ ty ) ) ,  b u t r a th e r ,  th a t  th e re  i s  a 
c o r re la t io n  between f in d in g  a p a rto n  w ith momentum f ra c t io n  x and another 
parton  w ith  momentum f ra c t io n  y  in  th e  p ro to n . This c o r re la t io n  i s  a 
r e s u l t  o f re q u ir in g  th a t  th e  sum o f th e  momentum f ra c t io n s  be one.
E. The Cross S ec tio n
In  g e n e ra l, th e  i n e l a s t i c  s c a t te r in g  o f an e le c tro n  by a  p ro­
ton can be w r itte n  in  terms o f  two s tru c tu re  fu n c tio n s , u su a lly  named 
V  and Wg. These s tr u c tu r e  fu n c tio n s  depend on the  independent v a r ia b le s  
of th e  s c a t te r in g .  In  th e  lab  ( r e s t  frame o f th e  p ro ton ) th e se  v a r ia b le s  
a re ,
p = -3JL  .  e ' -  E n
and
Q* - * H E E sin^C-* )
where th e  v ario u s  momenta are  d e fin ed  in  F ig . 5*
P=(M ,0 )
an y th in g
F ig . 5. Kinem atics fo r  e le c tro n -p ro to n  s c a t te r in g  in  th e  la b .
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The cross  s e c t io n  fo r  s c a t te r in g  an e le c tro n  th rough an angle 0 in  th e  
lab  is
dlE' ^  cos8 (■£•)+■ sW i* (.■§*)]
In  th e  i n f i n i t e  momentum fram e, th e  e le c tro n  i s  s c a t te r e d  th ro u g h  an 
ang le 0 k Q /P, which i s  q u ite  sm a ll. S e t t in g  0 = 0 in  Eq_. ( 2 ) ,  we fin d  
th a t  th e  c ro ss  s e c tio n  depends only  on th e  s t r u c tu r e  fu n c tio n  W^. In  
what fo llow s we w i l l  work c lo se  to  th e  forw ard d i r e c t io n .
Now co n sid e r th e  e l a s t i c  s c a t te r in g  o f an e le c tro n  from  a 
p o in t sp in -1 /2  p a r t i c l e  o f momentum xP and a charge e ( in  u n i t s  o f  e ) .S.
The s tr u c tu r e  fu n c tio n  W,, fo r  t h i s  p ro cess  can be d e riv ed  from th e  one 
c a lc u la te d  in  th e  Appendix by making th e  rep lacem ents p -> xP and m xM,
W ? ” ( Q \  „ )  -  C  &(  i & T  ~  )  •
Making the  rep lacem ent q*P = Mv, th e  c ro ss  s e c tio n  in  th e  forw ard  d ire c ­
t io n  is
1 PpiHT 1 /)
do- a. * r (  Q x  \
dix  dE ' o ’-  e‘  u (3)
This i s  th e  c ro ss  s e c tio n  fo r  s c a t te r in g  from a  s in g le  f re e  q u a rk -p a rto n .
Note th a t  th e  6 - fu n c tio n  c o n s tra in s  th e  v i r t u a l  photon to  i n t e r a c t  only
2w ith  a p a r to n  whose momentum f r a c t io n  i s  Q /2M\). Under th e  assum ptions
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of the p a r to n  model the  i n e l a s t i c  c ro ss  s e c t io n  fo r e le c tro n -p ro to n  s c a t ­
te r in g  i s  th e  su p e rp o s itio n  o f  th e  p o in t c ro ss  s e c tio n s , Eq. (3 ) , w eigh ted  
by the p r o b a b i l i ty  d is t r ib u t io n s  o f quarks in s id e  a p ro to n . T h e re fo re , 
the t o t a l l y  in c lu s iv e  c ro s s  s e c tio n  i s
= c * I t  L S W V ' ' O r t i - j t x j )  x . s U - S ^ d x , - - ^
w
_ X r- A s
Q 4 V ^  ea P ^  ) J
2
where x 2 Q /2M\) and J (x n . • • x )dx, . . . dx i s  th e  d i f f e r e n t i a l1 n 1 n
p ro b a b ili ty  o f find ing  n quarks w ith  momentum f ra c tio n s  x^ . . , ^  i n  a
proton. The index a runs on ly  over th e  charged quarks, which can i n t e r ­
ac t w ith th e  photon, and n o t  over th e  in d ex  o f the  n e u tr a l  gluons.
Comparing Eq. (J+) w ith  Eq. (2) in  th e  forward d i r e c t io n ,  th e  
sca ling  r e s u l t  i s  o b ta in e d ,
» W . ( « )  = x £  e " P ‘ ( x )  , ( 5)
2
th a t  i s ,  vW2 i s  a fu n c tio n  o f  the s in g le  v a r ia b le  x = Q /2M\> on ly .
The spectrum o f  f i n a l  s ta t e  p a rto n s  w ith momentum f ra c t io n  y
is  ob ta ined  from Eq. (lj) by no t doing th e  in te g ra l  over y ,
 cjcr'_________  __ ^ X _  ^  - r  Okb / \
dUl dE'Jy “ q h u L  ea J Cx , y ;  ,
o r, a more convenient form fo r  l a t e r  u s e ,
cl O'_____ £ * y  <— * -r- Q,|a , 1
y ■ j n d t ' ^ "  3  c ? 1 k  J  •
I I I .  THE KUTI-WEISSKOPF MODEL
The p ro to n  is  composed of th re e  valence quarks, and a core o f
5
q q  p a ir s  and n e u t r a l  g luons. In  th e  K uti-W eisskopf model th e  quarks m  
th e  core are  d is t r ib u te d  s t a t i s t i c a l l y ,
dPe. ( x )  Q -----------— -------- r r -  (6)
where y is  th e  e f fe c t iv e  mass o f th e  quarks and P i s  th e  p ro to n 's  momen­
tum in  the i n f i n i t e  momentum frame (P ■> 00) . The momentum d is t r ib u t io n  
o f  th e  valence quarks is  based on Regge c o n s id e ra tio n s ,
J  Pv ( x )  —
l - « w  d x
( x*  - / v p * ) Vi
where ot(o) = 1/2  i s  the in te rc e p t  o f  th e  n o n d if f ra c tiv e  t r a j e c t o r i e s .  
K u ti and W eisskopf assume a  s t a t i s t i c a l  d i s t r ib u t io n  fo r  th e  g luons, th e  
co n s tan t g in  Eq. (6 ) being re p la c e d 'b y  g 1 to  get th e  gluon p ro b a b il i ty  
d i s t r ib u t io n .
In  t h i s  model the  p ro to n  i s  an n-quark  s ta t e  composed o f th re e  
valence quarks (u , u , d ) ,  and a  core o f  k^ uu p a i r s ,  k^ dd p a i r s ,  k^ ss 
p a i r s , and £ n e u tr a l  g luons, where n = 3 + + kg + k^ + £. Then th e
p ro b a b i l i ty  d i s t r ib u t io n  o f such an n -quark  s ta t e  i s
20
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j
W» L k a 1 k 3 [■ X  1
where Z i s  a n o rm a liza tio n  co n sta n t ob ta in ed  from
and ( 1/3  g) i  /  k^ ! i s  th e  s t a t i s t i c a l  w eight fo r  a symmetric k ^ -p a r t ic le
s t a t e .  The in d ice s  can only ta k e  on th e  v a lu es  0 , 2 , U, . . . ,  be­
cause th e  d i s t r ib u t io n  has been w r i t te n  to  in c lu d e  bo th  a quark and an
and W eisskopf on t h i s , we could have used th e  s t a t i s t i c a l  w eight
th re e  types o f quarks to g e th e r . I t  makes no d if fe re n c e  which form we 
choose s in ce  a l l  th re e  forms w i l l  g ive th e  same r e s u l t ,  p ro v id in g  we 
keep th e  counting  s t r a ig h t .
A. S in g le  P r o b a b i l i t ie s  For a  P roton
As d iscu ssed  in  Ref. 5 ,  th e  p ro b a b il i ty  o f f in d in g  a u-quark 
in  th e  p ro ton  valence w ith  momentum f ra c t io n  between x and x + dx i s ,
a n ti-q u a rk  in  the  f a c to r  (1 /3  g) i  /  k^ I .  In s te a d  o f fo llow ing  K uti
(1/6  g) i  /  k^ I , k^ = 0 , 1 , 2 , . . . fo r  th e  in d iv id u a l quarks in  th e  
co re , o r used th e  s t a t i s t i c a l  w eight f  k ! , k = 0 , 6 , . . . ,  lumping a l l
U v ( x )  * A . ■ 2
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For th e  o th e r  quarks
d (x) = 1/2  u (x)V V
s (x) = 0V
Because e le c tro n -p ro to n  s c a t te r in g  i s  an e lec tro m ag n e tic  p ro c e ss , i t  
w i l l  not he n ecessa ry  to  c a lc u la te  th e  p ro b a b i l i ty  d i s t r ib u t io n  of th e  
n e u tra l  g lu o n s . I t  i s  only n ecessary  to  in c lu d e  th e  s t a t i s t i c a l  w eight 
fo r  th e  gluons in  • * • xn )- For 'tlie Q/l p a ir s  in  th e  co re ,
u (x) = d ( x )  = s ( x )  c c c
where
U .t* >  = 2  7-----------------   £  ( 1 "  ^ ---------  S  * , )
( * * * j k x / ? x y ' *-  U|  ( ^ v V P *)**■ j i '
, - ^ o j  , . ,w  , U 6 ) k , ( h ) kl ( ^ ) kj
' *■ **  k.! k, ! ks!-i ! ---------
The r e s u l t s  o f th e  in te g ra tio n s  in  th e  l im i t  P 00 a re ,
i n~T i / \ 1  -<x(°) / ,  \ "l + y+A 0 "*<w)ex) = a - c U * ) *  2  ■ B L j  y + z O - w i ) ]  *  t / - x )  t
and
- I  + V + 3 ( | - ^ o )  )
-  4 c 0 f )  -  SCU ) - 5 3  x" ( . / - * )
where y -  g + g 1 B ( . . . )  i s  a  B eta fu n c tio n . To keep th e  counting
s t r a ig h t ,  r e c a l l  th a t  u (x) a c tu a lly  i s  u (x) = u (x) + u  ( x ) .  These 7 c c  c c
2 3
momentum d is t r ib u t io n s  a re  used  in  Eq. ( 5 ) t o  y ie ld  \)Wg(x) fo r  t o t a l l y  
in c lu s iv e  e le c tro n -p ro to n  s c a t te r in g .  D re l l  and Y an^ sp e cu la te d  th a t  
near x -  1 ,
vw2 (x) M l  -  x ) 3 .
This im plies th a t  y = 3 fo r  th e  K uti-W eisskopf model. The remaining 
fre e  param eter was determ ined from f i t s  to  experim ental d a ta  for 
to ta l ly  in c lu s iv e  e le c tro n -p ro to n  s c a t te r in g  which y ie ld e d  g = 1 .
B. Jo in t P ro b a b il i t ie s  fo r  a  Proton
The p ro b a b ili ty  o f  f in d in g  a u -quark  w ith momentum f ra c tio n  
between x and x + dx, and a  d -quark  w ith  momentum f r a c t io n  between y 
and y + dy in  th e  proton v a len ce  is
ad, , _________ y ' ~ * w -  r i i  <J»,
vv ' ^ (x ■* + / I 1/  Pl ) V*~ ( y 1 + P *) (x *  +yj.l / P * ) ,/*'
(7)
■ B i l - x - y - X  X, ) ■ x, -------- ------------------------------
Elementary ca lcu la tion  a lso  y ie ld s
J ^ ( x , y j  = J ^ ( x , y )  = J ^ ( x , y ) .
J  3
Note th a t  J ^ f x ^ )  = 0 because th e re  i s  only  one d-quark  in  the p ro ton  
valence. In  ad d itio n  to  th e  above p ro b a b i l i ty  d i s t r ib u t io n ,  Eq. (7 ) , 
th e re  are  on ly  th ree  o th e r independent j o i n t  p ro b a b ili ty  fu n c tio n s . The 
re s u lts  o f  th e  in te g ra tio n s  ( l im i t  P ■+- °o) to  obtain  th e se  functions a re :
2h
0 * * >  -  0 > w >  -  C (x ’y)
_ ~ci (o)  _o<io) / ,  . - 1 + y  + (i -«(.<>)) r [ ^  3 ( ) - * ( » ) ) ] ______
“  ;L ‘ x y  U ~ * - y )  n » ( N , (o , ) r N i - ^ ) l
C ( x ’y ) 88 2 J v c ( x ’y ) * C (x’y) = 2 C (x ’y) = J v c (x ’y) = 2 J v c (x *y)
Tdd, Td s ,
r [ y t 3 ( i  - ~ ( o ) )  ]
p ( i  -  r [ j / + a )j
j ““ (x,y> -  2 J ^ U .y )  = J*“U,y) = 2 j “ (x,y) = j""(x,y) = 2 J ^ U .y )
-  a. ■ 3 9 x y  C * -y J  p ( i —1®>) P [ ? + a 0 - * “>))]
ah
Jc c (x ,y ) a, b = u , d , s are a l l  equal
3 f  g x y  C J- x -  y )   ^ '
For convenience l a t e r  on th e  fo u r j o i n t  p ro b a b i l i ty  d is t r ib u t io n s  w i l l
be renamed J  ( x , y ) ,  J  (x ,y ) ,  j  ( x , y ) ,  and J  (x ,y )  in  an obvious no-IPT '»  C V 0 G
t a t  i o n .
I V . RESULTS AND COMMENTS
The c ro ss  s e c tio n  fo r  f in d in g  a la rg e  momentum f r a c t io n  quark 
in  th e  f in a l  s t a t e  is
where th e  in d ic e s  a , b run over u , d , s and th e  in d ice s  i , j  run over
This cross s e c t io n  must be m u ltip lie d  by th e  p r o b a b i l i ty  th a t  a given 
quark w i l l  c o n tr ib u te  to  a s p e c if ie d  f in a l  s t a t e  hadron. By ta k in g  th e  
extreme p o s i t io n  th a t  th e  la rg e  momentum f r a c t io n  quark goes in to  th e  
valence o f  th e  f in a l  s t a t e  p a r t i c l e ,  and th a t  only  one a d d it io n a l quark 
i s  p icked  up ( i . e .  th e  f in a l  s t a t e  hadron i s  a  meson) an e s tim a te  o f  
th e se  p r o b a b i l i t ie s  can be made. For example, only jo in t  p r o b a b i l i t ie s  
o f  th e  types J ^ j ( x ,y )  and J ^ ( x , y )  can c o n tr ib u te  to  th e  7T+ valence (ud) ,  
w hile the  j o i n t  p r o b a b i l i t ie s  j f ^ ( x ,y )  and j f u (x ,y )  w i l l  c o n tr ib u te  to
1 J  1 C
th e  tr valence (ud). In  p a r t i c u la r ,  f o r  f in a l  s t a t e  it th e  sum in
y d J T . - ( 8 )
2
v ,  c . I t  shou ld  be emphasised th a t  x = 0, / 2MV i s  th e  s c a lin g  v a r ia b le .
Eq. ( 8 ) i s
+
The f a c to r  o f  1 /2  is  n ecessary  because th e  j o i n t  p ro b a b i l i ty  l f ^ ( x ,y )
25
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gives th e  p ro b a b ili ty  o f  fin d in g  a bb p a i r  in th e  p ro to n  core w h ile  on ly
parton  p ick in g  up more th a n  one a d d it io n a l  parton o r  th e  fa s t p a r to n  
not going  in to  the  v a le n c e , th a t  can a f f e c t  the p io n  cross  s e c tio n . 
However, we s h a ll  assume th a t  the p ro b a b il i ty  o f  th e s e  occurences i s  
sm all, and compare th e  d a ta  to  the  s im p les t assum ption described above. 
T h e re fo re , using th e  compact n o ta tio n  introduced a t  th e  end of S ec. H I  C,
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th e  c ro ss  sec tio n  f o r  e + p -+■ e + tt + anything i s
fo r th e  p rocess y^ + P **“ ^ + any th ing . In the i n f i n i t e  momentum fram e 
of th e  p ro to n  the  in v a r ia n t  cross s e c t io n  is
o n e -h a lf  o f  th a t  p a ir  co n tr ib u ted  to  th e  it va lence . Likew ise, f o r  a  
f in a l  s t a t e  7T the  sum in  Eq. (8 ) i s
There a r e ,  o f  cou rse , o th e r  p o s s i b i l i t i e s ,  such as th e  f a s t
fa*  &'z  x  y
?  d i l J E 'd y  ** Q H U
The c ro ss  sec tio n  fo r  e + p ‘> e + TT~ + anything i s
 ^ d-n. dE dy
To be ab le  to  compare th e se  cross sec tio n s  w ith  the experim en ts,
3 3they  must be re w ritte n  in  terms of th e  in v arian t c r o s s  section  E(d <7/dp )
y_ do '
TT (9)
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w here , as b e fo re ,  y i s  the momentum fra c tio n  o f  th e  outgoing p a r to n . In 
te rm s o f the c ro s s  sec tio n s  c a lc u la te d  above,
d«r _  d<r
= r  — r r  ( i o)dllcJ £ cl y cf /
w here T is  th e  f lu x  o f  v i r tu a l  pho tons. Combining Eqs. (9 ) and (1 0 ),
2in te g ra tin g  over Pj_ , and no rm aliz in g  to  th e  t o t a l  cross s e c t io n  y ie ld s  
th e  function
i r  V  6 0  d  £'  6 y
w here a^o .^ i s  th e  t o t a l  e le c tro p ro d u c tio n  cross s e c tio n . The t o t a l  cross 
s e c t io n  can be w r i t te n  in  terras o f  as
°+ o i =
where
K *  *  -  Q V - t M  .
The Kuti-W eisskopf form fo r  VW (x) w i l l  be used  to  c a lc u la te  O. . .2 uO'fc
The fu n c tio n  P(y) as d efin ed  above i s  an in v a r ia n t fu n c tio n .
T ha t i s , the  fu n c tio n  P can be o b ta in ed  in  an o th er re fe ren ce  fram e by
re p lac in g  y in  F (y ) by i t s  tra n sfo rm a tio n  in  th e  o th e r  frame. In  th e
Y -  p cen ter o f  momentum fram e, d efin e  the  v a r ia b le  z = P.. /P  fo r  thev ’ H max
p io n 's  momentum. Then in  the  Yv “ P c.m. F(z)  = F (y) where y  = y ( z ) .  I t  
i s  th e  fu n c tio n  F( z )  th a t  i s  g iv en  by the experim en ts, and to  which th is  
th e o ry  w in  be compared.
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As d iscu ssed  in  Ref. 5 and above, the  cho ices a(0 ) = 1 /2 ,
Y = 3 , and g = 1 g ives th e  b e s t  agreem ent o f K uti-W eisskopf's  vW^Cx)
w ith  th e  t o t a l l y  in c lu s iv e  e le c tro p ro d u c tio n  d a ta  fo r  x > .2 . These
values o f  th e  param eters a lso  give a n ic e  f i t  fo r  F(z ) .
The experim ental data^*"*-^  f o r  Yy + P **■ F + anything and th e
r e s u l t s  o f  t h i s  c a lc u la tio n  a re  p lo t te d  in  F ig . 6 . For th e  backward
goind p ions (z < 0) a rea so n ab le  f i t  t o  th e  d a ta  i s  o b ta in ed . The d a ta
fo r  z > 0 has a ls o  been p lo t te d  although  th e  model d esc rib ed  here  cannot
be used to  make p re d ic tio n s  in  th a t  re g io n .
The fu n c tio n  F(z )  f o r  th e  p ro cess  y + p -> ir + any th ing  i s
15compared to  th e  d a ta  in  F ig . 7. A gain, a good f i t  m  th e  backward
d ire c t io n  i s  o b ta in ed . Note th a t  fo r  la rg e  z th e re  i s  contam ination  from
e la s t i c  e le c tro n -p ro to n  s c a t te r in g  in  th e  experim ental d a ta . '
Some quark -p arto n  model c o n s id e ra tio n s  o f  th e  r a t io  0(71 )/a(ir~ )
17have been made by Dakin and Feldman. Experim ental d e term ina tions o f
2
t h i s  r a t io  have been made fo r  a number o f  W and Q v a lu e s , bu t only  in  
the  forw ard d ire c t io n  in  th e  Yv -  P c.m. system. That i s ,  th e  experim en­
t a l  p o in ts  l i e  in  th e  re g io n  where t h i s  model cannot be used to  make 
accu ra te  p re d ic tio n s . The experim ents show th e  r a t io  in c re a s in g  as y_^  
becomes more v i r t u a l ,  and ran g in g  between one and two. A c a lc u la tio n  o f
th e  r a t io  fo r  z < 0 has y ie ld e d  O (ir*") /cf(tt ) = 1 . 3 , w ith  l i t t l e  v a r ia t io n
2as a fu n c tio n  o f  Q .
There i s  ano ther p o s s ib i l i t y  which should be d iscu ssed  h e re .
A fte r  th e  in te r a c t io n  w ith  th e  v i r t u a l  p h o to n , th e  c o l le c t io n  o f  p arto n s  
undergoes some f in a l  s ta t e  in te r a c t io n s  to  produce p h y s ica l hadrons.
During t h i s  f in a l  s ta te  in t e r a c t io n ,  a  p a rto n  which is  is o la te d  in  r a p id i ty
F(
z)
2 9
1.8 < W< 2.2 GeV
•  .3 < Qz< .5 GeV 
O .5 < Qz< 1.5 GeV
4 88 .4 0
2
F ig . 6 . The in v a r ia n t  fu n c tio n  F(z)  fo r  in c lu s iv e  e le c tro p ro d u c tio n  o f
tt . The to p  curve fo r  W = 2 .2  GeV, = .3  GeV^, and th e  bottom 
curve i s  fo r  W = 2 .2  GeV, Q® = 1 .5  GeV^. Both curves have g = 1.
F(
z)
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(Q2) = 1.05 GeV 
<W) = 2.10 GeV
.4
2
F ig . 7 . The in v a r ia n t  fu n c tio n  F(z)  fo r  in c lu s iv e  e le c tro p ro d u c tio n  of 
7T w ith  W = 2 .1  GeV, and Q2 = 1 .05  GeV2 .
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space might i t s e l f  fragment in to  s e v e ra l hadrons. The na tu re  o f  t h i s
 ^g
fragm entation  has "been s tu d ie d  "by s e v e ra l au th o rs  fo r the  ca se  o f  
partons which have been i s o la te d  by v ir tu e  o f t h e i r  la rg e  t r a n s v e r s e  
momenta. The spectrum  of th e  r e s u l t in g  hadrons i s  independent o f  th e  
momentum o f  th e  p a ren t p a rto n . The p ro b a b ili ty  o f  producing a  g iven  
hadron depends on ly  on th e  f r a c t io n  o f  the  p a r to n 1 s momentum t h a t  i t  
c a r r ie s .  I t  has been sp ecu la ted ’^ ’ '^  th a t  th e  d is t r ib u t io n  o f  hadrons 
re s u l t in g  from th e  fragm entation  o f  a parton  has th e  same fu n c t io n a l  
form as the  d i s t r ib u t io n  of p a rto n s  in s id e  a h ad ro n , namely ( l  -  x ) n > 
where x is  th e  h ad ro n 's  momentum f ra c t io n .  The e f f e c t  of in c lu d in g  th e  
p o s s ib i l i ty  o f  p a rto n  frag m en ta tio n  in  th e  above model i s  to  red u ce  th e  
c ro ss  s e c tio n  fo r  z near -1 ,  and to  enhance i t  by about the same amount near 
z = 0. In  a d d it io n , because th e  p a rto n  can fragm ent in to  a v a r i e ty  o f 
hadrons o th e r th an  p io n s , th e  o v e r - a l l  n o rm a liza tio n  of th e  c ro s s  sec tio n  
would be le s s  th a n  th a t  given above. As can be seen from F ig s . 6 and f ,  
any scheme which p re d ic ts  sm a lle r  c ro ss  se c tio n s  th an  the ones c a lc u la te d  
here  would no t be com patible w ith  th e  data .
I t  can be concluded th a t  th e  z < 0 re g io n  a t p re sen t e x p e r i­
m ental en e rg ies  re p re se n ts  p a r to n s  in  an in te rm e d ia te  kinem atic reg io n  
where "grabbing" a s in g le  a d d i t io n a l  parton  i s  what they are most l ik e ly  
to  do. For z = 0 th e re  w i l l  be m u lti-p a rto n  in te r a c t io n s ,  w h ile  a t 
h ig h er en erg ies  th e  parton  i t s e l f  may show s c a lin g  behavior as i t  f ra g ­
m ents. I f  t h i s  i s  t r u e ,  i t  w i l l  be in te re s t in g  t o  observe r e l a t i v e l y  
fewer z < 0 p io n s  produced in  h ig h e r  energy experim ents.
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Thus, a quark -parton  model has been used to  c a lc u la te  cross 
+
se c tio n s  fo r  e + p - > e  + ir-  + any th ing . The values o f  th e  param eters 
t h a t  were used were taken from  th e  work o f  K uti and Weisskopf^ where 
th e y  were determ ined by f i t t i n g  to  th e  t o t a l l y  in c lu s iv e  experiment 
e + N ■+ e + an y th in g . No new param eters a re  needed f o r  th e  ex tension  
to  the  one p a r t i c l e  in c lu s iv e  re a c tio n s  + p ■+■ it” + an y th in g , and t h i s  
c a lc u la tio n  o f  th e  lo n g itu d in a l  momentum spectrum  o f  th e  pions has g iven 
reasonab le  agreement w ith th e  d a ta  in  th e  k inem atic  reg io n  where agree­
ment was expected .
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APPENDIX
S tru c tu re  F unction  fo r  P o in t S c a tte r in g  
In  t h i s  Appendix th e  cross s e c tio n  and th e  s tru c tu re  fu n c tio n
2
w 2 (Q ,v) a re  c a lc u la te d  f o r  th e  e l a s t i c  s c a t te r in g  o f  an e le c tro n  from
a p o in t sp in -1 /2  p a r t ic le  o f  charge e . The mass o f the  e le c tro n  w i l l  he
taken  to  be sm all in  com parison to  o th e r re le v a n t e n e rg ie s , and so w i l l
be n eg lec ted  (m ~ 0 ). The c a lc u la tio n  w i l l  be done in  th e  r e s t  frame o f  ©
th e  ta r g e t  p a r t i c l e .
. /— rA
* = E - E ' = ^ -
p=(m,0)
Q2 = - ( k - k ' ) 2 = - q 2
Fig . 8. Kinematics in  the t a r g e t  r e s t  frame ( la b ).
The cross s e c t io n  in  th e  la b  i s
f d V  c lV  ,
)(a-[r}, .2£' £ (f> +*k -f» ~ k )  q  4
H~ 21 | u ( k ' )  ^  u C k )  u ( p ' )  u ( p j  I *  .SPINS
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I t  i s  s tra ig h tfo rw a rd  to  show th a t
-L
H I ‘ " I *  =  lb m E ' E  [ m  c . o / ( % )  +■ t-» sina(-£  ) Jspi^ s
3
R ew riting  th e  in te g r a l  in  terras o f  th e  energy E' and doing th e  d p ' in ­
t e g r a l  , th e  d i f f e r e n t i a l  cross s e c tio n  i s ,
6a'  i/otaE A
ea p '  S(Ep [c o 5 A( £ )  + m  $l * l 2 ( £ ) ]
The energy 5 -fu n c tio n  can be re w rit te n  as fo llo w s :
& C E p  f  ^  w - £ )  “■ S (  E p  -  m ~  v )
= 2 £ p
= A f /  £ (  p '*  - ( p  + t ) *  )
’  a  £P' £ (  -  ■£* )
‘  ( % ' / » > ■  S ( &  -  - E 3 - J
where Q2 = -q 2 . T hus,
cicr * / ^ e ,  c f - S i  ,  -H:
4 - a d E '  Ql \  A hi
c o s * ( - £ r )  siv,a (-f-)
Comparing th i s  w ith  th e  cross s e c t io n ,  Eq. (2) ,  f o r  s c a t te r in g  from an 
extended p a r t i c l e ,  we f in d  th a t  th e  s tr u c tu re  fu n c tio n s  fo r  th e  e l a s t i c  
s c a t te r in g  o f an e le c tro n  from a p o in t p a r t ic le  a re
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PART TWO
PION-DEUTERON ELASTIC SCATTERING AND THE FION-PION SCATTERING LENGTHS
I . INTRODUCTION
In t h i s  research  a  c a lc u la tio n  of* th e  tt-tt s c a t te r in g  term  of 
th e  m u lt i - s c a t te r in g  s e r ie s  fo r  p ion -d eu te ro n  e l a s t i c  s c a t te r in g  has been 
made. This term  i s  in te re s t in g  fo r  two d i s t i n c t  and complementary rea ­
so n s . F i r s t ,  s in c e  p resen t c a lc u la t io n s ,  w hich in c lu d e  s in g le  and double 
s c a t te r in g  c o n tr ib u tio n s , do no t f i t  th e  d a ta  a t  in te rm ed ia te  pion 
e n e rg ie s  (150-300 MeV) fo r  backward s c a t te r in g  o f th e  p io n , a c a lc u la tio n  
o f  th e  71—11 term  would help to  b r in g  the th e o ry  in to  c lo se r  agreement w ith  
th e  d a ta . Second, gaining an understand ing  o f  th e  in te ra c t io n s  o f th e  
h ad rons is  o f fundam ental i n t e r e s t  in  p h y s ic s . S ince th e  tt- tt term  de­
pends d i r e c t ly  on th e  it—it s c a t te r in g  le n g th s ,  i t  would be u se fu l i f  th i s  
c a lc u la t io n  could  be used to  e x tr a c t  tt- tt s c a t te r in g  len g th s  from experi­
m en ta l p ion -deu te ron  e la s t ic  s c a t te r in g  d a ta .
A ttem pts to  ex p la in  p ion-deu teron  e l a s t i c  s c a t te r in g  in  the
backw ard d ire c t io n  fo r in c id e n t pion e n e rg ie s  up to  300 MeV have met w ith
1
a d eg ree  of success only in  t h i s  decade. T h is success i s  a r e s u l t  of 
u s in g  improved deuteron  wave fu n c tio n s  to  c a lc u la te  th e  s in g le  and double 
s c a t te r in g  c o n tr ib u tio n s  (F ig s . l a  and l b ) .  However, th e re  i s  s t i l l  a 
d isc rep an cy  between the  th e o ry  and th e  ex p erim en ta l d a ta . We have ex­
am ined the  c o n tr ib u tio n  of th e  tt- tt teim  (F ig . 1c) in  an a ttem pt to  c lo se
p
t h i s  gap. Our m o tivation  fo r  doing th i s  was a c a lc u la tio n  by Vickson 
in  which he had estim ated  th a t  th e  tt- tt term  f o r  zero-energy  forward 
s c a t te r in g  and o n -sh e ll  p ions i s  about th e  same s iz e  as th e  s in g le
39
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( a ) (b)
/ 0 = s 0 \
( c )
+ •
F ig . 1, The a) s in g le  s c a t te r in g ,  b ) double s c a t te r in g ,  and c) tt- tt 
s c a t te r in g  terms o f th e  m u lt i - s c a t te r in g  s e r ie s  fo r  p io n -  
deuteron  e l a s t i c  s c a t te r in g .
F ig . 2. Diagram fo r  th e  Chew-Low re a c t io n  tt + N -► 2tt + N.
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s c a t te r in g  terra. U n fo rtu n a te ly  t h i s  was a g ross o v erestim ate  o f th e  it- tt 
te rm , m ainly because o f V ickson 's  poor cho ice o f a  deu teron  wave fu n c tio n . 
In  th i s  work we found th a t  th e  tt- tt terra does no t c o n tr ib u te  s ig n i f ic a n t ly  
to  forw ard s c a t te r in g ,  but t h a t  i t .  does c o n tr ib u te  to  backward s c a t te r in g .  
For th e  la rg e r  in c id e n t pion en e rg ie s  and backward s c a t te r in g ,  th e  s in g le  
s c a t te r in g  terra i s  q u ite  sm all because i t  depends on th e  deuteron o v erlap  
in te g ra l  (break-up fu n c tio n )  which f a l l s  o f f  ra p id ly  w ith  in c re a s in g  
momentum t r a n s f e r .  Q u a l i ta t iv e ly ,  we can view th e  s i tu a t io n  as fo llo w s: 
in  s in g le  s c a t te r in g  some a d d it io n a l  momentum i s  im parted  to  only one o f 
th e  n u c leo n s , and th e  g r e a te r  th e  momentum d iffe re n c e  between th e  n u c leo n s , 
th e  le s s  l ik e ly  th e y  are to  rem ain bound to g e th e r  as a  deu teron . The 
momentum tra n s f e re d  to  th e  nucleon in c re a se s  w ith  in c re a s in g  in c id e n t 
pion en erg y , and w ith  la rg e r  s c a t te r in g  a n g le s , su p p ressin g  th e  s in g le  
s c a t te r in g .
In double s c a t te r in g ,  th e  momentum t r a n s f e r  i s  shared between 
the two n u c leo n s , so the  b reak-up  fu n c tio n  does not f a l l  so ra p id ly  w ith  
in c re a s in g  pion energy. However, th e  in te r a c t io n  i s  m ostly  p-w ave, so 
th a t  th e  double s c a t te r in g  am plitude i s  la r g e s t  fo r  s c a t te r in g  ang les 
near 90°. This means th a t  th e  s in g le  and double s c a t te r in g  are bo th  
suppressed  in  th e  backward d i r e c t io n  fo r  l a r g e r  in c id e n t pion e n e rg ie s , 
and th a t  th e  tt- tt term  w il l  be most l ik e ly  to  g ive an app rec iab le  c o n t r i ­
bu tio n  in  th i s  re g io n . Ind eed , we have found th a t  th e  ir-ir term  g iv es  th e  
g re a te s t  c o n tr ib u tio n  fo r  th e  backward s c a t te r in g  o f  p ions w ith  in c id e n t 
energ ies  > 200 MeV.
h2
There a re  no d ire c t means o f  m easuring the  tt- tt s c a t te r in g
le n g th s , because there are no pion ta rg ets  or e x is t in g  pion c o llid in g
beams. T h erefo re , i t  i s  necessary  to  r e ly  on in d i r e c t  experim ents to
1*
measure th e  tt- tt s c a t te r in g  le n g th s . Chew and Low proposed th a t  th e  TT-TT 
s c a t te r in g  len g th s  could be determ ined from it + N 2tt + N cross se c tio n s  
(F ig. 2) s u ita b ly  e x tra p o la te d  from th e  p h y s ic a l reg ion  to  th e  tt ex- 
change p o le  ( t  = There are problems w ith  such an e x tra p o la tio n
because i t  i s  not c le a r  to  what e x te n t o th e r exchange mechanisms (besides 
the  tt exchange) c o n tr ib u te  to  the  s c a t te r in g .  At p resen t numerous
5
authors have attempted th is  ex trap o la tion , and have determined values 
for tt- tt phase s h if t s  and sca tter in g  len gth s.
The tt- tt s c a t te r in g  len g th s  have a ls o  been e x tra c te d  from an
+ + — + * \ & an a ly s is  o f  th e  decay K~ tt + tt + e “ + V (Kg^ ) .  The decay am plitude
i s  expanded in  terms o f  the tt- tt phase s h i f t s ,  th e  phase s h if t  d ifferen ce
5 -  6 appearing in  th e  s-w ave, p-wave in te r f e re n c e  te rm s. In  a reg io ns p
where can be n e g le c te d , the  s c a t te r in g  le n g th  a^ has a lso  been de­
term ined .
In  th i s  work we have ex p lo red  th e  p o s s ib i l i t y  o f using  p io n - 
deu teron  e l a s t i c  s c a t te r in g  d a ta  to  o b ta in  a v a lu e  of th e  tt- tt s c a t te r in g  
len g th  a^. To do th i s  i t  was necessary  to  have a form fo r  th e  tt- tt i n -
7te r a c t io n .  Following "Weinberg th e  am plitude was expanded to  second 
o rder in  th e  momenta. This re s u l te d  in  th re e  expansion c o e f f ic ie n ts  
which had to  be determ ined. Weinberg used c u rre n t a lg e b ra  arguments to  
impose th re e  co n d itio n s  on th e  tt- tt am plitude , th u s  determ ining both  a  ^
and a2 -
1+3
Id e a l ly ,  th e  most g en era l form o f  th e  amplitude sh o u ld  have 
been used in  th e  c a lc u la tio n  o f p io n -d eu te ro n  e l a s t i c  s c a t te r in g .  But 
t h i s  would have re q u ire d  a th re e  param eter f i t  to  th e  da ta  t o  o b ta in  
v a lu es  fo r  a^ and a^ , an im p ra c tic a li ty  fo r  us because of th e  d is p a r i ty  
between th e  th eo ry  and th e  d a ta . T h e re fo re , two o f W einberg's co n d itio n s  
were imposed on th e  tt- tt am plitude , a llow ing  a one param eter f i t  to  the  
d a ta  to  be made. In  t h i s  manner a v a lu e  o f th e  s c a t te r in g  le n g th  aQ i s  
te n ta t iv e ly  e x tra c te d  from th e  d a ta .
In  Sec. I I  an o u tlin e  o f th e  c a lc u la t io n  of the tt- tt s c a t te r in g  
ta?m i s  p re se n ted . The r e s u l t  o f t h i s  c a lc u la t io n  i s  compared to  th e  d a ta  
in  Sec. I l l ,  and our value  of a^ i s  compared w ith  W einberg's r e s u l t ,  and 
w ith  th e  values found from th e  o th e r ex p erim en ts . Some e s tim a te s  of 
o th e r p rocesses which might c o n tr ib u te  to  p io n -d eu te ro n  s c a t te r in g  are 
a lso  given .
I I .  CALCULATION OF THE TT-TT SCATTERING TERM
In  th i s  s e c tio n  a d e ta i le d  c a lc u la t io n  o f th e  tt- tt c u rre n t terra 
fo r  p ion -deu te ron  e l a s t i c  s c a t te r in g  w i l l  be g iven . F igu re  3 i s  a d ia ­
gram o f th e  tt- tt term  showing th e  k inem atics in  th e  i n i t i a l  deu teron  r e s t  
fram e, which we w i l l  c a l l  the  lab  fram e.
(*,q)\ / V ,q )
\  /
F ig . 3 . Kinematics fo r  th e  tt- tt term  in  the  la b .
In  o rder to  ev a lu a te  - th is  diagram  we must be ab le  to  w r ite  ex p ress io n s  
fo r  th e  "bubbles" in  F ig . 3. Before doing t h a t ,  we make s e v e ra l p re ­
lim in ary  o b se rv a tio n s . F i r s t ,  no te  th a t  we do not consider th e  graph in  
which bo th  v i r tu a l  p ion  legs couple to  the  same nucleon . That graph i s  
a lread y  included  in  th e  s in g le  s c a t te r in g  term  v ia  measured tt-N phase 
s h i f t s .  A lso, to  f a c i l i t a t e  th e  c a lc u la t io n , we w i l l  be using  a  form of 
th e  im pulse approxim ation. The nucleons w i l l  be t r e a te d  as f re e  p a r t ic le s  
du ring  th e  s c a t te r in g ,  and th e  am plitude w i l l  be w r i t te n  in  th e  l im i t  o f
n o n - r e la t iv i s t i c  n u c leo n s . These approxim ations a re  in  keeping w ith  th e  
approxim ations made by Carlson^ in  c a lc u la tin g  th e  s in g le  and double 
s c a t te r in g  am plitudes. The "bubbles" w il l  be d iscu ssed  in  th e  fo llo w in g  
o rd e r. F i r s t ,  we w i l l  in tro d u ce  a  form fo r  th e  p ion-nucleon  coup ling . 
This coupling d id  not appear in  th e  c a lc u la tio n  o f th e  s in g le  and double 
s c a t te r in g  because i t  was p o ss ib le  to  use measured tt-N phase s h i f t s  
th e re .  That cannot be done here because no two o f th e  fo u r pion leg s  
couples to  th e  same nucleon . N ext, th e  tt- tt s c a t te r in g  "bubble" i s  d i s ­
cussed , and i t  i s  shown th a t  the  in te r n a l  pion legs must be t r e a te d  as 
o f f - s h e l l .  F in a l ly ,  we in d ic a te  th e  form o f the  deu teron  wave fu n c tio n .
A p seu d o sca la r coupling w i l l  be used fo r  th e  ttNN in te r a c t io n ,  
given by th e  fo llo w in g  H am iltonian d e n s ity ,
“ *• %  ^  ^  
where i s  th e  nucleon f i e ld ,  and )P i s  th e  f i e ld  o f th e  p io n . I t
should be no ted  th a t  a  pseudovector coupling could a ls o  have been used  
h e re ,  because in  th e  n o n - r e la t iv i s t i c  l im i t  th e  pseudovector coupling  
gives the  same r e s u l t  as th e  pseudosca lar coupling . Of co u rse , the  
a c tu a l tt-N in te ra c t io n  i s  not d esc rib ed  by such an id e a l  p o in t co u p lin g , 
and th e  H am iltonian d e n s ity  H ^ ^  should  be m u ltip lie d  by some form f a c ­
t o r .  In analogy to  electrom agnetism , th e  form f a c to r  w i l l  be tak en  to  
2 2 —2 2be ( l  -  k /M ,^) where k i s  th e  four-momentum squared o f th e  p io n , and 
i s  th e  form fa c to r  m ass. The p ion-nucleon  in te r a c t io n  i s  no t m ediated 
by the exchange o f a s in g le  in te rm ed ia te  p a r t i c l e ,  b u t r a th e r ,  th e re  a re  
numerous p a r t ic le s  which can c o n tr ib u te  to  th e  form f a c to r .  However,
U6
th ese  exchanges can be rep re sen te d  by th e  exchange of a  s in g le  phenomeno­
lo g ic a l  p a r t i c l e ,  as in  F ig .  h . The form f a c to r  mass has been es tim a ted
7to  be about f iv e  pion m asses .
I
TT
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F ig . U, The p ion-nucleon form fa c to r  re p re se n te d  by th e  exchange o f a 
s in g le  phenomenological p a r t i c l e .
This c a lc u la tio n  i s  not s e n s i t iv e  to  th e  e x ac t value o f  Mf , as long as 
i t  i s  on th e  o rder o f GeV o r  so.
N ext, a choice must be made fo r  th e  tt- tt s c a t te r in g  am plitude. 
I t  is  in s t r u c t iv e  to  f i r s t  estim ate  how f a r  th e  two v i r t u a l  pion leg s  
are o f f  s h e l l .  From F ig , 3 i t  i s  seen th a t
For backward s c a t te r in g  and 300 MeV in c id e n t  p ions a rough estim ate  g iv es  
k 1 -  k ~ H00 MeV. I f  t h i s  i s  div ided betw een th e  two p io n  le g s ,  the 
v i r tu a l  p ions are  a few p io n  masses o f f - s h e l l .  Thus, i t  i s  u n r e a l i s t ic  
to  make any o n -sh e ll approxim ations fo r  th e  v i r tu a l  p io n s . In s te a d , 
W einberg's form of th e  o f f - s h e l l  tt- tt s c a t te r in g  am plitude w i l l  be used 
to  d escrib e  th e  s c a t te r in g  o f r e a l  and v i r t u a l  p ions.
Invoking c ro ss in g  symmetry, is o s p in  co n se rv a tio n , and Bose
"8s t a t i s t i c s ,  Weinberg found th a t  th e  expansion fo r the  tt- tt s c a t te r in g  
amplitude to  second o rd e r  in  the momenta i s
U7
M ( trir  -*irir) = £&b Sc6L f A  + B( s + u.) ■*• C -t +
+ <^xdi 5tb [  A B ( s + - t )  C u. +-*3
+ (S'bd.CA * B ( u . * U  + C s <- ■•■]
CD
where s ,  t ,  u a re  M andelstan v a r ia b le s  fo r  tt-tt s c a t te r in g ,  and A, B, C 
a re  some constan t c o e f f ic ie n ts  which are  r e la te d  t o  th e  s c a t te r in g  
le n g th s  as fo llo w s;
* 0 *  -  3 a J  wi ,  «• i a  <  C ]
[  <2. A + s w u  8 ]  .
The s u b sc r ip ts  a ,  b ,  c ,  d are  th e  p io n  iso sp in  in d ic e s  in d ic a te d  in  F ig . 5,
xX /,
C\ /d
a /  \  b
* , -------------------C i ------------^ \X
\
X
X
t£--------------------------------------------0 -------------- 12
F ig . ? .  Iso sp in  in d ic e s  fo r  th e  tt- tt term .
Weinberg now imposes s e v e ra l  cond itions on th e  m atrix  e lem ent. 
F i r s t ,  he i s  ab le  t o  c a lc u la te  th e  m a trix  elem ent u s in g  FCAC and c u r re n t
48
alg eb ra  techn iques in  th e  l im i t  o f  v an ish in g  p ion  momenta. By comparing 
th e  m a trix  elem ent thus c a lc u la te d  w ith  Eq., ( l ) ,  Weinberg o b ta in s  th e  
co n d itio n  on th e  expansion c o e f f ic ie n ts ,
B-C - & ) '
9
where f  i s  th e  p ion  decay co n s ta n t. Then Weinberg imposes th e  A dler
10s e lf -c o n s is te n c y  argument which shows th a t  th e  m atrix  elem ent vanishes
when any one o f th e  fo u r p ion momenta van ish  and the  o th e r th re e  a re  on
2th e  mass s h e l l .  That i s ,  M vanishes when s = t  = u  = m^. This y ie ld s  
th e  r e l a t io n ,
A  = -  ( s l B * C )  • (3)
A f in a l  r e l a t io n  among th e  c o e f f ic ie n ts  i s  ob ta ined  u s in g  th e  f a c t  th a t  
commutators o f p ion f ie ld s  w ith  9 A^ 1 a re  i s o s c a la r .  This r e s u l t  i s
tru e  fo r  bo th  th e  ff-model and th e  fre e -q u a rk  model, and im plies  th a t  the  
m atrix  elem ent i s  p ro p o rtio n a l to  a c e r ta in  6- fu n c tio n . From t h i s  th e  
f in a l  r e l a t io n  i s  d e riv e d ,
A  = -  m* (  B + C)  • (4)
Thus, Weinberg has th re e  r e la t io n s  fo r  th e  th re e  expansion c o e f f ic ie n ts  
A, B, and C, and he o b ta in s  th e  values fo r  th e  s c a t te r in g  le n g th s :
a 0 » o . z o  m  
a * '  -  0 , 0 b
k9
I t  would be b e s t  i f  A, B, and C could  be in d iv id u a lly  f i t  to  
the  experim ental d a ta ,  b u t t h i s  i s  probably  ask ing  to o  much fo r  a f i r s t  
t r y .  In s te a d  we s h a l l  t r y  to  keep two o f W einberg’s r e l a t io n s ,  and then  
w rite  th e  tt- tt s c a t te r in g  as a  fu n c tio n  o f one rem aining param eter which 
we ta k e  to  be a ^ . Arguing th a t  the  f i r s t  o f th e  assum ptions, Eq.. (2 ) ,  
i s  th e  le a s t  r e l ia b le  because o f th e  mass e x tra p o la t io n , we do no t in ­
clude i t  in  our d e r iv a t io n  o f th e  m a trix  elem ent. Imposing th e  two con­
d i t io n s ,  Eqs. (3) and (if) , the  low energy TT-TT m atrix  i s
F in a l ly ,  a choice must be made fo r  th e  deuteron  wave fu n c tio n . 
In  co o rd in a te  space th e  deu teron  wave fu n c tio n  i s
_1
Note th a t  a„ i t s e l f  has u n i t s  m so th a t  M i s  d im en sio n le ss . This d i f -  0 • TT
fe rs  from W einberg's r e s u l t  by th e  replacem ent
( 6 )
where xm i s  a com bination o f  P a u li sp in o rs  w ith  t o t a l  sp in  1 and p ro ­
je c t io n  m,- and C i s  th e  C-G c o e f f ic ie n tm-n,n
c,VH-M H ^  A, *w-tt > f, H ) I )
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The n o rm a liza tio n  co n s tan t N i s  u n ity  provided
J“ IVM +v/(v)7 &  ■ I ■
11In  th i s  paper M oravcsik 's  b e s t  approximation t o  th e  Gartenhause wave 
fu n c tio n  w i l l  be used fo r  u ( r )  and w (r) . The momentum space wave func­
t io n  i s  th e  F o u r ie r  tra n sfo rm  o f  Eq.. (6 ),
-  k i r ) ' 3"  j  £ „ ( ? )  e ' : ? • *  .
Now, th e  M -matrix fo r  th e  tt- tt cu rren t te rm  of p io n -d eu te ro n  
e l a s t i c  s c a t te r in g  i s
n ( - r r T r d )  = - J d 3k d 3p 3£ [ p - E  * 3 ( ^ - 5 . ) ]
( 7 )
where th e  v a rio u s  momenta a re  d e fin ed  above and i n  F ig . 3. I t  i s
s tra ig h tfo rw a rd  to  w r ite  M(itNN -»■ ttNN) from H and o b ta in
ttNN
M(iNN-»irWN)- g* u+. s;(p;) 1 „ \ ^ f x) K
( 8 )
•f Ck*)   .
• ¥c  ^ ^  O^L
where f (k 2 ) = ( l  -  k2 /M^ )""2 i s  th e  form fa c to r  d isc u s se d  e a r l i e r ,  and 
t^  are nucleon sp in  and iso s p in  in d ice s  r e s p e c t iv e ly ,  and th e  tt-tt m a trix
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elem ent M(ttit -»■ tttt) i s  given by Eq.. ( 5 ) .  For ease in  w r itin g  th e  f o l ­
low ing, th e  iso sp in  p a r ts  o f th e  m a tr ix  elem ent a re  combined as fo llow s:
1 +  = r b f l  f c u l ; ^  L i e  S ccl (9)
I  and I g a re  s im ila r ly  d e fin ed . For th e  case o f ir+-d eu te ro n  s c a t te r in g
th ese  f a c to r s  are I. = 3 , I  = 2 , and 1 = 2 .t  ’ u * s
The approxim ation o f n o n - r e l a t i v i s t i c  nucleons re q u ire s  th a t  
s u b s t i tu t io n s  o f th e  fo llow ing ty p e  be made:
E P ~  M
^  H-s wkeve ») # etc.
k* -  wi * - £ A - v <  * -  6J40 0
**} - t  *  + 1 1 * 1 ? '*
Combining Eqs. (7 ) through (1 0 ), th e  fo llo w in g  tt-tt c o n tr ib u tio n  t o  the  
p io n -d eu te ro n  m atrix  elem ent i s  o b ta in e d ,
kaI 1 i\ x y^TEd" ( 3j.it n f 3 | c  ( \ ' ) 5 ' 5  k
f i t  -  f ) I . ]
where12 F , (k) = /  d^p <f»*.(p + k) <f> (p) i s  th e  o v e rla p  between i n i t i a l  rn’m Tm' Tm
and f in a l  d eu te ro n s , and ic = -it + l / 2 ( q '  -  q ) . The d  k  in te g ra t io n  is  
most r e a d i ly  done by f i r s t  making th e  change to  th e  v a r ia b le
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K =-t + Q wKev e Q - "SC / " 1
and th en  q u a n tiz in g  th e  sp in  a long  th e  d i r e c t io n  o f  Q. Then (a*k) ,
S2 32(d 'k )  , i s  w r i t t e n  as a  fu n c tio n  of k , Q, and 0 where 0 i s  th e  angle 
S1 S1
between K and Q. The an g u la r K in te g ra t io n  i s  then  perform ed u s in g  
s tan d a rd  te c h n iq u e s , th e  on ly  non-zero  c o n tr ib u tio n s  b e in g :
t l  -  Q*
= A , i K) “ _ a ir i i d f
and
SXoo( K) - 3. JI j  d £
where £ E cos 0 , This y ie ld s  
M  ( i r d  ->  IT d ) -  g *  c u t f W ’- * ' )  1  * = '  d  K  L J k )  h ,  J # . )
r  , ,  ( 1 1 )
• |U  + k*-<-Qi )(3s, I J -  (w£*>JQ*)It j •
This tt—tt c o n tr ib u tio n  i s  added to  th e  s in g le  and double  s c a t te r in g  term s 
to  g ive th e  t o t a l  p io n -d e u te ro n  m atrix  e lem en t,
-(.K a -+Q* ¥ )*
M = m CooublgJ ^
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In  terras o f th e  M -m atrix, th e  d i f f e r e n t i a l  c ro ss  se c tio n  f o r  
p io n -d eu te ro n  e l a s t i c  s c a t te r in g  i s
dor
k -  i t  iMwwi SL.
where th e  k inem atic  f a c to rs  have been lumped in to  R.
R " LH ** Ma ' i " e j - '
I I I .  RESULTS AND COMMENTS
The TT-TT current contribution to  th e  d if fe r e n t ia l  cross section
■f4 »  •  •fo r  the  r e a c t io n  tt + d ■+ tt + d has been c a lc u la te d . For in c id e n t p ion
(tttt)e n e rg ie s  up to  about 150 MeV, M i s  sm all compared to  th e  s in g le  s c a t ­
te r in g  term . T h erefo re , c ro ss  sec tio n s  fo r  th e se  en e rg ie s  a re  no t d is ­
p layed  here  because they  are  unchanged from ones given e a r l i e r .
For p ion -deu te ron  s c a t te r in g  a t 256 MeV, th e  th e o r e t ic a l  cross
s e c t io n , in c lu d in g  only the s in g le  and double s c a t te r in g  te rm s, i s  about
13tw ice as la rg e  as th e  ex perim en ta l cross s e c tio n  in  th e  forward d ire c ­
t i o n ,  as can be seen in  F ig . 6 . As m entioned in  the  in tro d u c tio n , the 
in c lu s io n  o f  M ^71^  cannot improve the  th e o ry  in  th e  forw ard d ire c t io n ,  
so th a t  th e  d iscrepancy  th e re  between th eo ry  and experim ent i s  due to  
th e  in a b i l i t y  to  c a lc u la te  th e  s in g le  and double s c a t te r in g .
What about the backward d ir e c t io n  where th e  tt- tt term  can con­
t r ib u te ?  The th e o r e t ic a l  s in g le  p lus double s c a t te r in g  c ross  s e c tio n  i s  
about e ig h t tim es la rg e r  than  th e  experim ent. I t  i s  u n r e a l i s t i c  to  sup­
pose th a t  th e  a d d itio n  o f  th e  tt—IT term could  s ig n i f ic a n t ly  improve the 
s i tu a t io n .  We w il l  simply t r y  to  minimize th e  backward cross s e c tio n  by 
a d ju s tin g  th e  param eter a^ . I t  was found t h a t  fo r  th e  b e s t  value of th e  
s c a t te r in g  le n g th , a^ = 0,15  the in c lu s io n  of th e  tt- tt term  decreases
th e  cross s e c t io n  by only about 30% . In  F ig .  6 th e  c ro ss  s e c tio n  fo r  
two values o f aQ i s  compared w ith  the d a ta .  The s o l id  l in e  in c lu d es  only
51*
(m
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)
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F ig . 6. tt -d eu teron  e l a s t i c  c ro ss  s e c tio n  fo r  256 MeV in c id e n t p io n s.
The s o lid  l i n e  inc ludes only th e  s in g le  and double s c a t te r in g ,
w hile the dashed lin e  includes the tt- tt term with a value o f
aq = 0.15 nijf1 , and th e  d o tte d  l in e  in c lu d es  th e  tt-tt term  w ith
a value o f  a„ = 0.6 m"-L..0 tt
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th e  s in g le  and double s c a t te r in g ,  w hile  th e  dashed l in e  in c lu d es  th e
TT-TT term  w ith  a value o f  an = 0 .15 m \  and th e  d o tted  l i n e  in c lu d es0 TT
th e  tt- tt term  w ith  a  value o f a„ = 0 .6  nT^. R ea liz in g  th e  r e s t r i c t io n s0 tt
on our v a lu e  of aQ, i t  can he compared th e  th e  value^ aQ = 0.17  ±
0.13 m from the K , decay and the value^ aft = O.67 from the tt-H s c a t -  tt e4 0
te r in g  experim ent.
There may a lso  he some qu estio n  o f w hether c o n tr ib u tio n s  from
*
an N m ight he la rg e r  than  th e  c o n tr ib u tio n  o f  th e  TT-TT c u r re n t  term . The
* . lUpresence o f  an N would a lte r  the deuteron wave function ,
X  ♦ Tr, -» X  * r .  *
where i s  perhaps as much as 1.55® of th e  t o t a l .  This would a l t e r
th e  deu teron  o v erlap  fu n c tio n , bu t fo r  low momentum t r a n s f e r s  (< 1 fro- ^)
th e  change would no t be s ig n i f i c a n t .  To get some id ea  o f  how sm all th e
change i s , co n sid e r th e  e f f e c t  o f  in c lu d in g  th e  o rd inary  D -s ta te  in  th e
overlap  fu n c tio n . Using M oravscik 's wave fu n c tio n s , th e  o verlap  fo r
S - s ta te  along and S - p lus D -s ta te s  to g e th e r  a re  p lo t te d  v s . momentum
tr a n s f e r  in  F ig . 7* Adding th e  D -s ta te  does n o t change th e  overlap  func-
*
t io n  by much, and adding th e  D - s t a t e  would change i t  even l e s s .  Such a 
sm all change would only s l i g h t ly  a l t e r  th e  s in g le  s c a t te r in g  am plitude, 
th e  term  most s e n s i t iv e  t o  th e  value  o f th e  o v erlap  fu n c tio n . And in  
any case th e  tt- tt c u r re n t term  could s t i l l  be added to  th e  m odified  ( in -  
e lud ing  th e  N ) s in g le  s c a t te r in g  te rm , low ering  th e  backward cross 
s e c tio n  by about th e  same amount.
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F ig , Y, The overlap  F (k) as a fu n c tio n  o f th e  momentum t r a n s f e r  k 
f o r  i )  M oravcsik S - s ta te  wave fu n c tio n  only ( s o l id  l i n e ) ,  
i i )  M oravcsik S p lu s  D -s ta te  wave fu n c tio n  (dashed l i n e ) ,  
and i i i )  E rn s t and F lugge S - s ta te  wave fu n c tio n  (dash -do t 
l i n e ).
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For com parison, the o v erlap  fu n c tio n  u s in g  th e  gaussian  wave
fu n c tio n  o f E rnst and Flugge1  ^ i s  a l s o  p lo t te d  in  F ig . 7- From t h i s  i t
i s  obvious th a t  the  g re a te s t  improvement in  th e  c a lc u la tio n  o f  s in g le
s c a t te r in g  i s  due to  u s in g  improved dueteron  wave fu n c tio n s , no t in c lu d in g
*
f a c to r s  l ik e  th e  N ,
C o n trib u tio n s  o f o th er te rm s must be examined. The nex t low­
e s t  mass p a r t ic le  allow ed is  the  p , as in  F ig . 8 .
d
F ig .  8. TT-p c u rre n t term  of p io n -d eu te ro n  e l a s t i c  s c a t te r in g .
For an in c id e n t p ion  k in e t ic  energy o f  256 MeV, th e  maximum value  o f Q 
i s  370 MeV. A lso ,a t t h i s  energy th e  m ajor c o n tr ib u tio n  to  the. in te g r a l  
in  Eg. ( l l )  occurs a t  K ~ 3 ffirf1 a; 580 MeV. Then th e  r a t io  o f th e  TT-p 
te rm  to  th e  tt- tt term  i s  approxim ately
M1’ ”0 (k* - )  «r  r
I t  i s  e n t i r e ly  w ith in  reason to  n e g le c t  the  TT-p c u rre n t term .
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